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Abstract. Within the framework of the Standard Model, taking into account the arbitrary polarization
states of the electron-positron pair, the differential cross section of the process of associated production
of the Higgs boson pair and the vector Z°-boson is calculated: e~e* - HHZ°. All Feynman diagrams
with the vertex of three Higgs boson (HHH), two Higgs and two Z°-boson (HHZZ), as well as with the
vertex of two Z°- and one Higgs boson (ZZH) interactions are taken into account. Left-right (4,z) and
transverse (A,) spin asymmetries are determined. The characteristic features of the behavior of the
polarization characteristics and the differential effective cross section of the reaction depending on the
departure angles and particle energies are investigated and revealed. It is revealed that the left-right spin
asymmetry A, depends only on the Weinberg parameter sin?8,,, while the transverse spin asymmetry
A, is a function of this parameter, the departure angles 8, ¢ and the energies xz, x; of particles. The
results of calculations of transverse spin asymmetry and differential effective cross section are illustrated
by graphs. The possibility of measuring the triple Higgs boson interaction constant gyyy and the
interaction constant of two Higgs and two Z bosons g,y is discussed.
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1. Introduction

The Standard Model (SM) (Glashow, 1967; Weinberg, 1967; Salam, 1968), based
on the local gauge symmetry SU.(3) x SU.(2) x Uy (1), satisfactorily describes high
energy physics (Djouadi, 2005; Abdullayev, 2017; Abdullayev, 2018). The SM

+
introduces a doublet of scalar fields ¢ = (ZO> the neutral component of which has a

vacuum value other than zero. As a result of spontaneous symmetry breaking due to
quantum excitations of the scalar field, the Higgs boson H appears, and due to interaction
with this field, the gauge bosons W= and Z°, charged leptons and quarks acquire mass.
This mechanism of particle mass generation is known as the mechanism of spontaneous
violation of the Brouth-Englert-Higgs symmetry (Higgs, 1964a, 1964b; Englert & Brout,
1964).

The discovery of the Higgs boson H, carried out at the Large Hadron Collider
(LHC) by ATLAS and CMS collaborations in 2012 at CERN (ATLAS Collaboration,
2012; CMS Collaboration, 2012) (see also reviews (Rubakov, 2012; Lanyov, 2014;
Kazakov, 2014)). With the discovery of the Higgs boson H, the missing particle in SM
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was found, and this began a new period in the study of the properties of fundamental
interactions. In this regard, theoretical and experimental interest in various channels of
the production and decay of the Higgs boson H has greatly increased (Barger et al., 2003;
Abdullayev et al., 2015; Abdullayev & Gojayev, 2017; ATLAS Collaboration, 2018;
Abdullayev et al., 2019; Demirci, 2019; CMS Collaboration, 2021; Abdullayev &
Omarova, 2021; Abdullayev & Gojayev, 2022; Kachanovich et al., 2022).

The Higgs boson H interacts especially with vector W*- and Z°-bosons, because
of this, the main sources of the production of Higgs bosons are the radiation of their Z°-
and W-bosons born in various experiments. A particularly intense source of H-bosons
could be the processes occurring in electron-positron collisions. It should be noted that
the processes occurring during electron-positron annihilation are an effective method for
studying the mechanisms of interaction of elementary particles. This is due to the
following two circumstances. Firstly, the interaction of the e ~e™-pair is described in SM,
so the results obtained are well interpreted. Secondly, since the e~e*-pair does not
participate in strong interactions, the background conditions of experiments are
significantly improved compared to the studies conducted in the LHC with proton-proton
beams. High-energy electron-positron colliders have already been designed, or are
planned to be designed in various laboratories around the world (Shiltsev, 2012; Peters,
2017).

The process of the production of one Higgs boson H in electron-positron collisions
e"et - HZ° is considered in a number of papers (Kilian et al., 1996; Djouadi, 2005;
Abada, 2013; Greco et al., 2016; Gong et al., 2017; Greco et al., 2018). Here we
investigate the process of generation of the Higgs boson of a pair and a vector Z°-boson
in arbitrarily polarized electron-positron collisions

e"+et>H+H+Z° (1)

In the case of an unpolarized e~ e™-pair, this process is considered in the works
(Djouadi et al., 1999; Barger et al., 2003; Djouadi, 2005).

Within the framework of the SM and taking into account arbitrary polarizations of
the e~e™-pair, an analytical expression for the differential effective cross section of the
reaction (1) is obtained. Left-right and transverse spin asymmetries due to the
polarizations of the e~ e™-pair are determined. The dependence of the asymmetries and
the effective cross-section of the reaction on the departure angles and particle energies is
studied in detail. The possibility of measuring the interaction constant of two Z°- and two
Higgs bosons gy, and the triple Higgs boson interaction constant gy is discussed.

2.  Calculation of diagrams a) and b)

The process of the production of the Higgs boson of a pair of HH and a vector Z°-
boson is described by four Feynman diagrams shown in Fig. 1 (4-momentum and spin
vectors of particles are indicated in parentheses). First, consider diagram a) with the
vertex of the triple Higgs boson interaction. The amplitude of this diagram can be written
as follows:

M, = gZeegZZHgHHHDuv(p)DH(Q)quv*(k)- 2)
Here ¢, is a weak neutral electron-positron current:
ty = 002 52)Vulgr(1 +vs) + gr(1 — ¥s)Ju(p, s1); (©)

Jzee 1S the constant of the interaction of the Z°-boson with the e~e*-pair; g, and
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Jguup are constants of the Z°- and Higgs boson, triple Higgs boson interactions; according
to SM, these constants are equal (Djouadi, 2005):

Gzee = (\/EGF)l/ZMZ’ 9zzH = Z(ﬁGF)l/ZM% 9uHH = 3(\/761:)1/21"[;21’
M and My are the masses of Z°- and H-bosons; G is the Fermi constant of weak

interactions; the left g, and right gy electron interaction constants are uniquely
determined by the Weinberg parameter x,, = sin? 6y,:

1
gL = _E+XW' 9r = Xy;
s; and s, are the 4-polarization vectors of the electron and positron, D, (p) and Dy (q)
are the propagators of the vector Z°- and scalar H-bosons

79w t p/xpv/Mg _ )
Dy(p) =i M Dy(q) = PERVER

p =p; +p, and q = k; + k, are the total 4-momentus of the electron-positron and
Higgs boson pairs; Uy (k) —is the 4-polarization vector of the Z°-boson.

e'(p., s.) Z(k) &P, s) Z(k)

_ “SH(k
ch.s) g “ 5l s) B k)

e+(p2’ Sz) H(k1) H(kz) e+(p2, sz)

e (p, s, 9 Z(k) e(p,s,) & Z(k)

Fig. 1. Feynman diagrams of reaction e"e™ - ZHH

At high energies of e~e*-pairs /s >> m (where +/s is the total energy of e~e™*-
pairs in the center of mass system, m is the mass of electron), a weak neutral electron
current is preserved:

pufu = (pl + Pz)y{)u = 01
for this reason, the amplitude (2) is simplified
M, = QZeeQZZHgHHHDZ(S)DH(Sl){)uU[:(k), (4)
where
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1 1

Dy (sy) = = ,
AR 51_M13 s(yz +rz—1y)

1
(1-17)
sy = (ky + ky)? = s(1 — x5 + 1y) is the square of the invariant mass of the Higgs boson
pair and the following values are introduced

Dz(s) = S

M2 M2 2E,
= —, =, = —, = 1 —_ . 5
Tz S T S Xz NG Z Xz ®)
For the modulus of the square of the amplitude (4), the expression was obtained
72V2GEMS Mg

|M,|? = L, U () U, (k). (6)

21— 15)? s2(yz +1; —13)?
Here L, = {’MZ’V is an e~ e™-pair tensor having the following form

Ly = 2(gf + g}%)[Pmpn + DauP1v — (P1* P2)Guv — M*(S1uS2v + S2pS1y —

—(51 - 52)9)] + 2(gf — g@dMIP1uS2v + S2uP1v — (P1 - S2)Guv — P2uS1v —

—S1uP2v + (01 SDGw)] + 4919r[(P1 - $2)(S1uP2v + S1vD2u — (51 DP2) ) +
+(p2 - 51)(171;1521/ + P1v52u) —(p1- Pz)(smsw + SouS1v — (s - Sz)gyv) -
(51 $2) (P1ub2v + P2uP1v)]- (7

We summarize by the polarization states of the vector Z°-boson

« kykey
D UiV, () = — gy +

Mz
Pol. Z

We calculate the product of the electron and Z°-boson tensors

k,k,
#V< uv M%

) = 2(9% + &) X

x |1 p2) =G - 52) 5 (@1 RV ) =P (k- s 52)| +
42007 = gBIm |1+ 52) = B2 5 + 3 (r - (k- 52) = (2 - ) e - 51) | +
+49.9r [(m "P2)(S1752) = (P152) (P2 - s1) + M% (P B) (P2 - s1)(k - s2) +

+(p2 - k) (1 - 52) (k- s1) — (P1 - p2) (k- s1)(k - 52)— (P1 - k) (P2 - k) (51 - 52))]- (8)

The differential effective cross section of the process e"et - HHZ is related to
the square of the amplitude |M,|? by the ratio:

d’o, 1 |Mg|* _
dx,dx,dQ 64 (2m)*
_ N2GEME rZ . (_g s kﬂkv> )
12874s2(1 —15)%2 (yz+1r;—1y)2 oMz )

where the product of the electron-positron and Z°-boson tensors is given by expression
(8), d2 = sin B dfde is the solid angle of departure of the Z°-boson, 0 is the angle
between the directions of the electron and Z°-boson momentums.
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Let us consider some special cases of the differential effective cross section (9).
First, assume that the e e ™-pair is longitudinally polarized:
Vs Vs

11(1) ﬁ)l SZ# = %AZ(lﬂ _ﬁ)

Here A, and A, are the helicities of the electron and positron, 7 is a unit vector in the
direction of the electron momentum.
In this case, the differential effective cross section (9) will take the form

d*o,(A1,2,) 92 GEMS T2 1 y
dxzdx,dQ — 512n* s(1—15)?% (yz+1,—13)% 13

X [g2(1—2)A + 2,) + g3(1 + 1)1 — 2,)][x2 sin? 6 + 41, (1 + cos? 9)]. (10)
From this effective cross-section formula it follows that the electron and positron
must have opposite helicities: A, = —1, = +1 (electron left, positron right — e; eg or

electron right positron left — ez e;"). This fact is due to the preservation of the total

moment in the transition e~ + e* — Z°.
Now consider the case when an electron-positron pair is transversely polarized

Slu = (0' ﬁl)’ 52;1 = (Or 772),

where 77, and 7j, are the transverse components of the spin vectors of the electron and
positron.

Let's direct the electron's momentum along the Z axis, and its spin vector 77, along
the X axis (see Fig. 2), then the spin vector 77, will lie in the XQY plane, the angle between
the spin vectors 7j; and 1, is denoted by ®. In this case, the differential effective cross
section (9) will take the form:

d*o,(11,72) IV2GEMS 1 ( TH )2 (g2 + g3) X
dxzdx,dQ  512m*sry, (1—15)2 \y, +1r,—1y gL T Gk
X [xZ sin? 0 + 415 (1 + cos? 0)] — 2g,grnin2(x2 — 41;) sin? 0 cos(2¢ — @)}. (11)

ST o

Z\
Dy

Fig. 2. Choosing a coordinate system

Now we proceed with the calculation of the Feynman diagram b) in Fig. 1 with the
vertex of two Z°- and two H-bosons. The amplitude of this diagram will be written as
follows

M, = _igZeegZZHH{)uDuv(p)U{/k(k)v (12)
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where g,y 1S the interaction constant defined in SM by the expression

9zzun = ZﬁGFM%
Based on the amplitude (12), the following expression is obtained for the
differential effective cross section of the process e"et - HHZ?, taking into account
arbitrary polarizations of the e"e*-pair

d*op (A1, A2, 01,M2) V2GEMy 1
dxgdx,d  512n%s(1—1y)% 15
X {[g2(1—2)A+ A1) + g2(1 + 1A — A,)][xZ sin? 6 + 47, (1 + cos? 0)] +
+29.9rM1N2(x2 — 412) sin? 0 cos 2 ¢}. (13)

It should be noted that there is interference between diagrams a) and b). Taking into
account the interference of these diagrams for the differential cross section of the reaction
(1), the following expression is obtained (e ~e*-the pair is arbitrarily polarized, the angle
@ is assumed to be m):

d36,.p V2G3EMS 1 31y z
dxydx,;d  512m*s(1 —15)?2 E( oyt — rH> %
X{[g2(1—2)A+ ) + g2(1 + 1)(A — A,)][xZ sin? 6 + 41, (1 + cos? 0)] +
+29.9rMN2(x2 — 412) sin? 0 cos 2 ¢}. (14)

Based on the effective cross-section formula (14), we determine the left-right spin

asymmetry due to the longitudinal polarization of an electron or positron:

=g§—g,%= 0.25 — xy,
g2 +g: 0.25—xy +2x32
The left-right spin asymmetry A, depends only on the Weinberg parameter x,
and with the value of this parameter x,, = 0,2315 is A,z = 14%.
It also follows from the expression of the effective cross section (14) that an

azimuthal angular asymmetry should be observed in the angular distribution of the Z°-
boson, determined by the formula

(15)

LR

29.9r (x7 — 4r) sin® 6
? 7 g2+ g2 xZsin? 0 + 4ry(1 + cos? 6)
Azimuthal asymmetry A, is sometimes called transverse spin asymmetry, since it
occurs only during annihilation of a transversely polarized e ~e*-pair. The transverse spin
asymmetry A, is maximal at the azimuthal departure angle ¢ = 0 and =, it depends on
both the polar angle 6 and the energy x.
Figure 3 shows the angular dependence of the transverse spin asymmetry A, at
Vs =500 GeV, M, = 91.1875 GeV, x,, = 0.2315 and various Z-boson energies: 1)
xz; = 0.4; 2) x; = 0.6; 3) x; = 0.78. As follows from the figure, the transverse spin
asymmetry A, is negative, with an increase in the angle of departure 6 it decreases and
reaches a minimum at an angle 6 = 90°. Further growth of the angle 6 leads to an
increase in the transverse spin asymmetry. With an increase in the fraction of energy x,
carried away by the Z°-boson, the graph of the dependence of the transverse spin
asymmetry A, on the angle 6 is located below.
Fig. 4 illustrates the energy dependence of the transverse spin asymmetry A, at
different departure angles of the Z°-boson: 1) 8 = 30°;2) 8 = 60°; 3) 8 = 90°. It can be
seen from the figure that with an increase in the energy of the Z°-boson, the transverse

- €0S 2 . (16)
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spin asymmetry decreases, an increase in the angle 6 also leads to a decrease in the
transverse spin asymmetry A,.

Averaging the cross section (14) over the polarization states of the e~ e™-pair and
integrating over the departure angles of the Z°-boson, we obtain the energy spectrum of
the particles:

2

) Gi+gp. @D

d*0qep _ GEMZ x% + 8ry ( 31y
dxzdx; 96213 Srz(1—17)? Yz +T7 =Ty

x,=0.4

_0.7 1 1 1 1 1
0 30 60 90 120 150 180
0, degree
Fig. 3. Angular dependence of the asymmetry A, at different energies x;

-0.7 1 1 1 1 1

0.45 0.5 0.55 0.6 0.65 0.7 0.75
Xz

Fig. 4. Energy dependence of asymmetry A,, at different angles 6

Figure 5 shows the energy dependence of the cross section reaction e"et - HHZ°
on the variable x, at the energy e~ e*-pair v/s=500 GeV. It follows from the figure that
with an increase in the fraction of energy carried away by the Z°-boson, the cross section
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monotonically decreases.

0.025
90°
0.02
£|8
3|3
. 0.015
=
o | =
=
o
TR 0.01
=
=
0.005
0 L L L
0.45 0.525 0.6 0.675 0.75

Xz

Fig. 5. Dependence of the cross section reaction e"e* — ZHH on the energy x,

3. Calculation of diagrams c) and d)

The amplitude corresponding to diagram c) Fig. 1 can be written as:
M, = gZeeQ%ZngD;w (p)Dvp (q)U; (k), (18)
where g = p — ky = ky + k.
As noted above, at high energies, the weak neutral current of the e~e*-pair is
preserved, as a result, the amplitude is simplified:
1 1 q.9
M, = 2 : 4l — -+ p)Lﬁ‘k , 19
c 9zee9zzH S(l _TZ) S(J’1 +TH _TZ) u <gup Mg p( ) ( )
where y;, = 1 — x4, x; = 2E;/+/s, E; is the Higgs boson energy with 4-momentum k; .
For the modulus of the square of the matrix element (19), the expression is obtained:

| |2 — g%ee ggZH
¢ s2(1=17)?s%(y1 + 1y — 12)?
qudp vdp koko
<o (=) (0 - 52)- (o4 57 )
Here L, = KHZ’V is the electron-positron tensor (7). In (20), the tensor
koks

DU 0Uok) = ~gp + =4

pol.
arises due to the summation of the vector Z°-boson over the polarization states.
We define the product of the electron-positron L,,,, and Z°-boson tensors

k,k q.9 dvq
Lo (=g 4Pt _ dufp _Dlo) _
yv( gpa M% ><gup M% Ivo M% uv
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X|(=gw t+

kukv + kluklv 2 _ Y1 + TH + (3’1 + rZ)z + kuklv + kvklu . V1 + Tz —
M3 M2 Tz 4r}? M2 21y

2
= 2(gf + 9%) [(m p2) —m?(sy - s;) + 2((291 K)(p2 - k) - mz(k'sl)(k'Sz))]+

+2(gf — gh)m [(p1 S2) — (251 +— 2 ((P1 k)(k - 55) — (p2 - k) (k - 51))] +49.9r %X

02)(51°52) — (P1 - 52) (P2 - 51)+M2 ((p1 - s2) (k- sk -p2) +

+ (P2 51k - s)(k-p1) — (p1 - p2) (k- s1)(k - 53) — (51 52)(p1 - k) (P2 - k)] +

+ 7 +17)?
n <2 N TTH n (62} Zz)
Tz 4r;

2 2 2 2
) .M_g{(gl“ + 9r)[2(p1 - k1) (02 - k1) — Mj(py - p2) —

—m?(2(ky - 51)(ky - 53) — Mf(s1 - s2))1 + (9F — gRym[2(key - p)(ky - 53) —
—MF(p1 - 52) — 2(ky - p2) (kg - 51) + M (02 - s1)] + 2919 [(P1 - 52)(2(ky - p2) (ky - 51) —
—ME (P2 - 51)) — (P1 - P2) Qe - 1) (ky - 53) — ME (51 - 52)) + 2(p2 - 51) (kg - 1) X
X (ky - 52) = 2(s1 - s2)(p1 - k) (P2 - k)]} +

+ y1+1y

r M2 {(gf + gR)[(k - p)(ky - p2) + (k- p)(ky - 1) — (p1 - P2 (k- ky) —

—m?((k - s1)(ky - 53) + (k - 52)(ey - 51) — (51 52) e - k)] + (gf — gRIm[(k - py) X
X (kq - 52) + (k- s2)(ky - p1) = (1 - s2)(k - ky) — (k- s1)(ky - p2) — (k- p2)(ky - 51) +
T2 - sk k)] +29.9r[(P1 - 52)((k - 51) (kg - p2) + (k- p2)(Rq - 51) =
—(p1 - 52)(k - k1)) = (p1 - p2)((k - s1)(key - 52) + (k- s2)(ky - 51) — (51 52)(k - k1)) +
+(pz - s1)((k - p)(ky - 52) + (k- 52)(ky - p1)) — (51 52) X
X ((k - p1)(ky - p2) + (k- p2) (k1 - p)]}- (21)
The differential effective cross section of the reaction e"e* - HHZO is expressed
by the formula

d3o, 1 M2 V2GEMS T2 L
dxydx,d 64 (2m)*  32mts2(1—15)2 (g + 1 —1)2 M

kyk, + kqukiy 5 _ Y1+ TH + (1 +12)2 + kykiy + kykqy, ity
M? M Tz 4r} M 21y

X

X |=gu + , (22)

where the product of the electron-positron L,, and Z°-boson tensors is given by
expression (21). In the system center-of-mass e ~e*-a pair for B, + , = k + ky + ky =
0 end particles lie in the same plane with the azimuthal angle ¢ of departure.

In the system of the center of mass e~ e ™-pairs, the laws of conservation of energy
and momentum in the variables x, x;, x, and angles 8, 8,, 6, are written as follows:

Xz +x1+x, =2,

JxZ — 41,0080 + X2 — 41y cos 01 + /x5 — 41y cos B, = 0.

Here 6, (6,) is the angle between the directions of the electron momentums and the first
(second) Higgs boson. The energy of the Z°-boson is enclosed in the region
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2M,
_SXZS1+TZ—4TH.
S

Let us consider special cases of differential effective cross-section (22). If the
e~ e -pair is longitudinally polarized, then the effective cross section (22) will take the
form

d*a. (A1, 12) _ V2GEMS Tz %
dxzdx,dQ — 128m*s(1—1,)2 (y, + 1y —17)2
X [gE(1 = A1) (1 + A2) + g (1 + A1) (1 = A2)] ¥

Nt + (1 +12)?
Tz 4r}

x {x% sin? 0 + 4r;(1 + cos? ) + (2 ) (x2 — 4ry) sin? 6, +

+
ylr 'z [xzx; — \/(x% — 41,)(x? — 41y) cos O cos 01 — 2(y, — ZZ)]}, (23)
A
where y, =1 — x,.
It follows from the formula of the differential effective cross section (23) that the
cross section of the process e; et - HHZ® differs from the cross section of the reaction

epet - HHZ®. Therefore, the process under consideration e"e* - HHZ® has a left-
right spin asymmetry

+

_ 9t~ 9k
gt + gi
As noted above, with the value of the parameter x;,, =0,2315, the left-right (or
longitudinal) spin asymmetry is A,z = 14%.
If the electron and positron are transversely polarized, then the differential effective
cross section is expressed by the formula
d*o.(n1,12) _ V2 GEM3 Tz %
dxzdx,dQ — 128m* s(1—1;)2 (y, + 1y —17)?

LR

x [(gf + gR)f1 + 29.9rMN2 2] (24)
Here
+ +1,)?
fi = x%sin?0 + 4r,(1 + cos? ) + <2 EENL 01 ZZ) > (x? — 4ry) sin? 0, +
Ty 4r;
+7r
+ }’1r z [xle — J(x§ — 4ry)(xZ — 4ry) cos O cos 0, — 2(y, — ZZ)], (25)
A

+7 +1,)?
f2=—(X§—4rZ)Sln26COS(2(p_d))_<2_y1 H+(y1 Z)>X

T'Z 47‘22
Y1 +717
X

VA

X (x2 — 4ry) sin? 0, cos(2¢ — ®) +

X

cos @ (xzx, — \/(x% — 41,)(x2 — 41y) cos O cos 0, — \/(x% — 4ry)(x2 — 41ry) X
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X sin @ sin 6, (cos ® + cos(2¢ —®)) — 2(y, —rz) cos D|. (26)

It can be seen from the formula of the differential effective cross section (24) that
the process ee* — HHZC has a transverse spin asymmetry determined by the formula
(the angle @ between the vectors 7j; and 7j, is assumed to be )

29198 [z
Y gt + 9% h
in this case , the function £, is equal to
+ +17)?
fo = (x2 —4r;)sin? G cos2 ¢ + (2 Nt 01 ZZ) )(xf — 4ry) X
Ty 4ry
+r
X sin? 0, cos2 ¢ + Nhrtz [—xzx; + \/(x% — 41ry)(x2 — 4ry) X
VA
X (cos @ cos By +sinfBsinb, (1+cos2¢@)+2(y, —17)]. (28)

Figure 6 shows the angular dependence of the transverse spin asymmetry A, (6, )

at ¢ =0, v/s =500 GeV, x; = 0.5 and various values of the Z°-boson energy: 1)
x; =0.4; 2) x, =0.45; 3) x, =0.5. As can be seen from the figure, the transverse spin
asymmetry is positive, with the increase in the angle 6 decreases and reaches a minimum
at an angle of & =90°, and with further increase in the angle 6 asymmetry A, (6, )

begins to grow. An increase in the energy x, leads to a decrease in asymmetry.

0.96

0.95 W
Aq’

0.94

x,=0.45
0.93

092 |
091

09

0.89 1 1 1 1 1

0, degree
Fig. 6. Dependence of the asymmetry A, (6, ¢ = 0) on the angle 0 at different energies x;

Fig. 7 illustrates the dependence of transverse-spin asymmetry from the azimuthal
angle ¢ in x; = x; = 0.5 and different values of the polar emission angle 6: 1) 8 = 30°;
2) 8 = 60°; 3) 8 =90°. As follows from the figure, the transverse spin asymmetry is
positive, with an increase in the azimuth angle ¢ it increases and reaches a maximum at
6 =90°, and then with an increase in the angle ¢, the transverse spin asymmetry
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decreases and reaches a minimum at & = 180°. With further increase of the azimuthal
angle ¢ from 180° to 360° graphs of the dependence of the asymmetry A, (6, ¢) of ¢
angle again. With an increase in the polar angle, the transverse spin asymmetry at the
points of maximum (¢ = 90° 270) almost does not change, and at the points of
minimum ¢ = 0°; 180°; 360°) decreases.
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0.9

0.89 L L L L L
0 60 120 180 240 300 360
¢, degree
Fig. 7. Dependence of the transverse spin asymmetry on the azimuthal angle ¢ at different angles 6.

Fig. 8 shows the dependence of the transverse-spin asymmetry of the energy x, at
Vs =500 GeV, ¢ = 0, x; = 0.5 and various angles 6: 1) 8 = 30°; 2) 8 = 60°; 3) 6 =
90°. With an increase in the fraction of energy x;, carried away by the Z°-boson, the
transverse spin asymmetry monotonically decreases, and an increase in the polar angle 8
also leads to a decrease in asymmetry.
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Fig. 8. Dependence of the transverse spin asymmetry
on the energy x; at ¢ = 0, x; = 0.5 and various departure angles 6
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We now proceed with the calculation of diagram d) Fig. 1, the amplitude of which
can be written as follows:

1 1 9.9,
_ 2 __ tuip * 29
Md 9zee9zzH S(l _ T'z) S(yz + 1y — Tz) f# <gup M% > Up(k)r ( )
where g, = (p — k), = (k + ky), is the total 4-momentum of Z°- and Higgs bosons.
Based on this amplitude, the following expression was obtained for the differential
effective cross section of the reaction e“et - HHZ® (the e~ e™-pair is arbitrarily
polarized):
d®0q (A1, 22,11, 12) _ V2GEMS ] Tz %
dxzdx,dQ  128m*s(1—1,)2 (y, + 1y —17)2

X{[(gf(1 =2+ ) + gi(1 + 1) (A = )] - Fy + 2g,9rmn2F.1}.  (30)
Here the functions F; and F, are obtained from the functions f; and f, (they are given by
formulas (25) and (26)) by substitutions

01 = 03,1 = X3, 51 2 V2.
Consider the interference of diagrams c¢) and d) Fig. 1
g%ee ggZH 9
S2(1 —17)2s2(y1 + 1y — 1) (Y2 + 1y —12)

MIMy+ MM, =2

k,k, ki,k k,,. k k ki, + ki k -7
x Luv [—gw + u Zv + 1u 211/ + 2u 221/ _ e 1v y 1u™v B) zZ _
kukZV + kZukv Y1—71z klﬂkZV + k2uk1v 1 V1—T7z
T M2 2r, 2MZ 21, (yz Tz =2y == (02 - rZ)) -
g%ee ggZH 2

_ . . N
s2(1—=17)? s?2(yy+ry—17) (Y2t+714—177)

2
X {(91% + 9%) [(P1 “p2) —m?(sy - S3) + W((m k)(py - k) —m?(k - s1) (k - 52))] +
Z

2
+(g7 — gr)m - I(P1 Sp) — (p2-s51) + W((Pl “k)(k-sy) —(p2-k)(k-s)) |+

2
+291.9r [(P1 "P2)(S1°82) — (P1-S2) (P2 s1) + M_§ ((p1 - s2)(k - s1)(p2 - k) +
+(p2 - sk - s) (01 k) — (P1 - p2) (k- s1)(k - s3) — (51 52)(p1 - k) (P2 - k))l +

1

+M_§ [(9% + 97) 2(P1 - k1) (P2 - k1) — M (p1 - p2) — m*(2(ky - 51)(ky - 52) —
_MI?I(Sl ©52))) + (95 - g}ze)m “(2(p1 - k1) (k- 52) — MPZI(Pl " S3) —

—2(py - ky)(ky - 51) + ME(p2 - 51)) + 29198 (01 - 52) 2(ky - 51) (D2 - kq) —

_MEI(PZ 51)) + 2(p2 - s1)(P1 - k1) (ky - 52) — (p1 - p2) 2(kq - s1)(ky - 52) —

—Mfi (51 52)) — 2(51 - S2) (D1 - k) (02 - k1)) + (ky = k)] +
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yoor 1
2r; M3
—m2((k - s1) (k1 - 53) + (kq - s1)(k - 53) — (51 - 52) (k- k1)) +
+(gf — gIm((py - k) (k- 52) + (P1 - k) (K - 53) — (1 - 52) (e - Ky) —
—(k-s1) (P2~ k1) — (P2 - k) (k- s1) + (P2 - s1) (k- kq)) +
+29.9r((P1 - 52)((k - 51) (P2 - k1) + (ky - 51) (k- p2) — (P2 - s1)(k - ky)) —
—(2 - s1)((p1 - k) (ky - 52) + (p1 - k1) (k- 52)) = (p1 - p2) ((k - 51)(kq - 52) +
+(k - s2) (k1 - 51) = (S1-52) (K- k1)) = (51- 52)((p1 - k) (P2 - ker) +

- 1
O R

gz (v 70— 2y = LTI (0 + g ) K) +
+(1 - k2) (2 - k1) = (p1 - P2) (ky ko) — m? ((y - 51) (e - 53) + (kg - 52) (k2 - 51) —
— (51 52)(ky - k2))) + (97 — gRIM((p1 - k1) (k2 - 52) — (1 - ko) (ky - 52) —
—(p1 - 52)(ky - k2) — (k1 - 51) (kg - p2) — (ka2 - 51) (k1 - p2) + (P2 - s1) (k1 - k2)) +
+29.9r((P1 - 52)((ky - s1) (k2 - p2) + (kz - s1) (k1 - p2) — (P2 - 51)(kq - k2) +
+(P2 - s1) (k1 - p)(ky - 52) + (k2 - p1)(ky - 52)) — (P1 - P2) ((kq - s1) (kg - s2) +
+(ky - s2)(kz - 51) = (51 52) (k1 - k2)) — (51 52)((p1 - k1) (P2 - k2) +
+(P1 - k2) (P2 - k1)) (31)

Here the sign k; — k, means that this expression is obtained from the previous expression
by replacing the 4-momentum k, with k.

Then, based on this matrix element for the contribution to the cross section of the
process e"et — HHZC interference diagrams c) and d), we obtain the expression (angle
@ accepted )

d3ae 7 GEME 2
dx,dx,df ~ b4mt s(1 —1y)? . i +ry =1y +1ry —17) %

X {g§(1—,11)(1 + 22) + GR(1+ A)(1 = A)] [x sin? 0 + 41, (1 + cos? 0) +

[(gf + gR) (1 - k) (2 - k1) + (p1 - k1) (P2 - k) — (p1 - p2) (K - ky) —

[ky = ko] —
1

+ (x12 —4rH> sin? 6, + (x% — 4ry) sin? 6, —

-
—yZZTZ<xe1 - \/(x% — 41,)(x% — 41y) - cos O cos 0, — 2(y, — rz)> —
A
V1~ 7z
21y
1 2 2
—F(xﬂfz - \[(xl —4ry)(x5 —4ry) - cos 01 cos 0, — 2(yz; + 17 — 21y) X
z

(xzxz — \/(x% — 4ry) (x5 — 41y) - cos O cos 0, — 2(y, — rz)> -

1
X (3’2 +r;—2ry — E(h —17)(y2 — rz))] +29.9rMN2 [((x%—élrz) sin®* 6 +
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+(x? — 41y) sin? 0, — (x5 —4ry) sin? 92> cos2¢+

Y2 — Tz
21, (xle - \/(x% - 4TZ)(X12 —4ry)cos(0 —01) —2(y, — TZ)) -

—\/(x% — 4r,)(x% — 4ry) - sin @ sin 0, cos(2¢) +

Y1—7z
21y

—\/(x% — 417)(x% — 4ry) cos(01 — 0,) — 2(yz + 17 — 21y) —

—\/(xl2 — 41y)(x% — 41y) - sin 6, sin 6, cos( 2<p))]}. (32)

Figure 9 shows the angular dependence of the differential effective cross section of
the process e“et - HHZ® at +/s =500 GeV, x; =0.5, x,, =0.2315 and various energy
values of the Z°-boson x;: 1) x, =0.5; 2) x; =0.6; 3) x; =0.7. As follows from the figure,
with an increase in the angle @, the differential effective cross section increases and
reaches a maximum at & = 90°, a further increase in the angle leads to a decline in the
effective cross section. An increase in the fraction of energy x, carried away by the zZ°
boson leads to a decrease in the differential effective cross section.

(xzxz — 63— 43— an) - cos(6 - 6~ 201 - rz>> _

1.6
14 | X;=0.5
1.2 /\
£|R
o | -
€s
“% 08
13 i
il Ra
o R
o ":N 0.6
S 04 | X,=0.6
0.2 /:_07\
o L L L L L
0 30 60 920 120 150 180
0, degree

Fig. 9. Angular dependence of the reaction cross section e~e* — HHZ" at different x,

Figure 10 illustrates the dependence of the differential effective cross section on the
variable x, at s =500 GeV, x; =0.5 and various values of the departure angle 8: 1) 6 =
30°; 2) 8 = 90°. As can be seen from the figure, with an increase in the variable x,, the
effective cross section increases and reaches a maximum at x,= 0.475, and a further
increase in the energy carried away by the Z°-boson leads to a decrease in the effective
cross section. At the maximum, the effective cross-section reaches the value
d30/dx,dx,;dQ =45.75 fbarn/sterad at 8 = 90°.
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4. Interference calculation diagram a), b) and c), d)

In sections 2 and 3, we calculated the differential effective cross sections of the

process e"et — HHZ° taking into account the Feynman diagrams a), b) and c), d) Fig.
1. Here we also consider the interference of these diagrams.

During annihilation of an arbitrarily polarized electron-positron pair, the following
expressions are obtained for the interference of these diagrams:

50

90°

40

fbarn
sterad

30

20

d3c
dxzdxldﬂ ’

10

0 1 1 1

0.45 0.46 0.47 0.48 0.49 0.5
Xz

Fig. 10. Energy dependence of the reaction cross section e"e* - HHZ® at different 0

d3cM 3v2 G3MS Ty 1
4 — . . . X
dxzdx;d 128n* s(1—1,)? y,+r,—1y Yy +15—13%
X {—[g2(1 = 2)(1 + A) + g2(1 + 1) (1 — A,)][xZ sin? O + 41, (1 + cos? ) +

Y+ 717
21y

+(x2 — 41y) sin? 0, + c(xgxy — \/(x% — 41;) (x% — 4ry) cos O cos 6, —

=2y, =12+ 29.9rM1N2 [—(x% — 41;) sin”® 6 cos(2¢) —

+ 7
—(x2 — 41y) sin? 0, cos(2¢) + yerZ Z (g%, — \/(x% — 4r;)(x? — 4ry) cos(6 — 0;) —
—2(y, —17) — \/(xg — 4r,)(xf — 41yy) sin 0 sin 6, cos(2¢))]}; (33)
ol 32 GiMg Ty 1

= . : ) %
dxzdx;d 128n* s(1—1,)? y,+r;,—1y Vo +1y—1%

X {—[g2(1 =2+ ) + ga(1 + 1)1 — A)][x2 sin? O + 4r,(1 + cos? 0) +

Yo+ 7z
21y,

—2(y1 — 1] + 29L9R771772[_((x§ — 4ry) sin® 6 cos(2¢) —

+(x2 — 41y) sin? 0, + c(xgxy — \/(x% — 41;)(x3 — 4ry) cos O cos 0, —
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+
—(x2% — 41y) sin? 0,) cos(2¢) + Y2 Tz (xzxy — \/(x% — 417) (x5 — A1) cos(0 — 6,) —
—2(y1 — 1)) = (xF — 417) (% — 41yy) sin 0 sin 6, cos(2))]}; (34)
Aoyt \2GEMS 1 1 .

dx,dx,d) ~ 256m* ' s(1—1y)? ' yi+ry—1y . Ty
X{—[g?(1 =2+ A1) + g2(1 + 1)1 — A)][x2 sin? 8 + 4r,(1 + cos? 0) +
Y2t 77

+(x% — 4ry) sin? 6, + (xzx; — \/(x§ — 41;)(x? — 41y) cos O cos 0, —

—2(y; = 1)1 + 29.9rMmN2[—((x7 — 477) sin® 0 cos(2¢) — (xf — 41y) sin? 6;) X

y1+717 2 2
X cos(2¢) + Z—rz(xle — (2 = 4rz)(x{ — 4ry) cos(0 — 60,) — 2(y, —17)) —

— (32 — 417) (x2 — 4ryy) sin 6 sin 6, cos(29))]}; (35)

(inter.)
Ao,y _ vagimg 1 1 T
dxzdx;d  256m* s(1—1y)% y,+ry—1; 13
X {—[g2(1 = 2)(1 + A,) + ga(1 + 2,)(1 — A))][xZ sin? O + 41,(1 + cos? ) +
Y2+ 17

7
=21 — 1]+ ZQLanmz[(—(x% — 41y) sin? 0 — (xzz — 4ry) sin® ;) cos(2¢) +

N Yo+ 17
21y

+(x% — 41y) sin? 6, + c(xgx, — \/(x§ — 41;)(x3 — 41y) cos O cos O, —

(eta = (03 = 41,03 — 47 €05(8 = 6) = 207 = 7)) —

—\/(x% — 41;) (x5 — 4ry) sin 0 sin 0, cos( 2¢))]}. (36)

Thus, we calculated the differential effective cross section of the process e"e™ —
HHZ° taking into account all possible Feynman diagrams (Fig. 1, a, b, ¢, d) and arbitrary
polarization states of the electron-positron pair. The differential effective cross section of
the process under consideration consists of sections of diagrams a), b) (formula (14)),
sections of diagrams c), d) and their interference (formulas (24), (30) and (32)), as well
as interference of diagrams a) and c), a) and d), b) and c), b) and d) (formulas (33)-(36)).

We estimate the left-right and transverse spin asymmetries A,z and A, (xz,6)
taking into account all Feynman diagrams shown in Fig. 1. All formulas of the differential
effective cross sections of helicities an electron and a positron are included in the form

[97(1 = 2D (1 + 22) + g (1 + 1) (1 — 2)],
therefore, the left-right or longitudinal spin asymmetry due to the longitudinal
polarization of the electron is expressed by the formula

_ 9t~ 9k
gt + gi
As for the transverse spin asymmetry A, (xz, 8), we estimate it at x; = 0.5 by the

LR
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formula
ZngR 1/’2
Ay(x,,0) = 37
where functions y; and i, are defined as
1 3 2
Y, = e (1 — #) [x2 sin? 0 + 4r,(1 + cos? )] +

Tz

Tz
(xzx, — 2(y, —12))] +

Y1+ Ty + (y1 +12)? y
Ty 41}

; Y1
2 oin2 2
+ O 1 = 1) [x7 sin“ 0 + 4r,(1 + cos* 0) + -

+ "z |xZsin? 0 + 4r,(1 + cos?0) + (2 —
(V2 + 15 — 12)? z z

X (x2 — 41y) sin? 6, + Y2 (xeZ \/(xz 41y) (x2 —4ry) cos 0 cos 6, —
—2(n —Tz))] "z [x% sin? 0 + 4r,(1 + cos? 6) +
Yitry—1; (3’2+7”H_7”Z)
. V2 — V1i—
+(x5 — 4ry) sin® 0, — (xle =20y, —17) — (xzxz
21y ZrZ

1
—\/(x% — 4r7) (x5 — 414) cos 0 cos 0, — 2(y1 — 1)) — 2 (x1x3 = 2(yz + 17 — 21)) X
A

3 Ty

1
x — 21y —=— (Y, — —r))| - :
(3’2 + 71, — 21y 27, 0 —r) 2 rZ))] Vgt Ty — Ty yitTH—Ty

Gy = 200 = 120)| -

+ 7
X [x% sin? 0 + 4r,(1 + cos? 0) + Nl

3 rH 2 s 2 2 2 Pon 2
- . X7 Sin“ 0 + 4r,(1 + cos” 0) + (x5 —4ry) sin® 6, +
Yzt Tz =Ty Y2ty —T17

N Yo+ 71z
21y
Ty 1
ZTZ :V1 + TH - T‘Z

(xz%2 — \/(x% — 4r7) (x5 — 41y) cos 0 cos 0, — 2(y; — TZ))] -

T,
[x% sin? 0 + 4r;(1 + cos? 0) + Ntz (xzx; — 2(y, — rH))] —
VA

L S xZ sin? 0 + 4r,(1 + cos? 0) + (x2 —4ry) sin? 6, +
27‘Z yz + rH _ rZ Z Z 2 H 2
yZ + 7 2 2
+ T (xzx2 — (x5 —4r;)(x5 —4ry) cos B cos 0, — 2(y, — 1)) |; (38)
Z
—1(1 3Tk )2[24 20 cos2 ¢+ 'z x
2 = 41y Yz + 717 —Ty (xz ) sin" @ cos2¢ (y1 + 1y — 12)?
vy, + Tz

2 (—xz%; +2(y, — 1)) +

Y1 +71H 4 (y1 +12)?
T‘Z 47"22

X [(xZ — 4ry) sin? O cos 2 ¢ + X
[(xz —4r;)sin“ 6O cos2 ¢ s 10 —15)°

Z —41y)sin*Gcos2 ¢ + (2 — > (x% — 41y) sin? 6, cos 2 +

_I_)’z + 71z

Tz

X (1+cos2¢@)+2(y;, —m))]+

c(—xzx, + \/(x% — 41,) (x5 — 471y)(cos 6 cos 8, + sin O sin 6, X
2 Ty

YVit+tTry—T7z7 YotTy—T7z
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Y2—T1z
21y

X

X

cos 2 p((x3—4ry) sin® 0 — (x5 — 4ry) sin? 6,) +

V1~
21y

X (s = 20 = 1)+ gty = [0 — 4003 — 4 cos(9 - 6,) -

1
—2(y; —17) — \/(x% — 41,)(x% — 4ry) - sin 6 sin 6, cos 2 p) + 7 X
Z

3
Yz +T7 =Ty

01 —12) 2 —17)
21y

X (3’2 + 1y — 2ry — ) c(1xy = 2(yz + 17 — 27’11))] +

TH . y1t71z
X m . [—(x% — 41y) sin? 0 cos 2¢ + T (xzx1 — 2(y, — rz))] +
3 Ty

Yz tTz =Ty Yo +t77—Ty

: [cos 2¢p(— (x% — 41;) sin? 0 — (x5 — 4ry) sin? 6,) +

Y2+ 17
S (g, = (1 = ) (3% — ) Cos(0 = 6;) = 2073 — 1) =
—\/(x§ — 41;) (x5 — 41ry) - sin O sin 6, cos 2 qo)] +
T 1 . y1t717
P TTre—— [—(x% — 4ry) sin> G cos 2 ¢ + 2y (xzx1 — 2(y, — rz))] +
T 1 . .
+——————[cos 2 p(—(x2 — 413) sin? 0 — (x2 — 4ry) sin? 6,] +

ZTZ yz +T'H —TZ

Y2+ 717 2 2
+—2r (xzx; — [(xz —4r7) (x5 — 41y) cos(0 — 0,) — 2(y; —1y) —
A

—\/(x% — 415) (x2 — 41y) - sin B sin 0, cos 2 @)]. (39)

When obtaining the expressions of the functions 1, and v, it is taken into account
that, in the case of x; = 0.5x2 — 41y = 0, and the angle 6, between the directions of the
electron momentums and the second Higgs boson with 4-momentum k,, is associated with

the angle 6 by the ratio
,xz — 4.
cos @, = — i—zcos 0.
x5 —4ry

Figure 11 shows the dependence of the transverse spin asymmetry A, (xz, 6) on the
polar angle 0 at different energy values x;: 1) x, = 0.55; 2) x; =0.60; 3) x, =0.65. As
can be seen from the figure, the transverse spin asymmetry is positive and at x, =0.55
and x, =0.60 with an increase in the angle 0 it decreases and reaches a minimum at an
angle 6 = 90°, and with a further increase in the angle the value of the asymmetry
increases. However, at x,=0.65, an inverse angular dependence is observed, that with an
increase in the angle 6, the transverse spin asymmetry increases and reaches a maximum
at 8 =90°, and with a further increase in the angle, the asymmetry decreases.

Fig. 12 illustrates the dependence of transverse-spin asymmetry from the proportion
of energy x,, entrained Z°-boson at different angles 8: 1) 8 = 45°; 2) 6 = 60°; 3) § =
90°. It follows from the figure that with increasing x,, the transverse spin asymmetry
monotonically decreases.

Averaging over the polarization states of e~e™-pairs for the differential effective
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cross section of the reaction e"e* - HHZ° we have the formula (all Feynman diagrams
are taken into account)

d*c  V2GiMg 1
dxzdx;dQ  128m*s (1 —1;)?
where the function v, is given by formula (38).

VY1, (40)

1
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09 F
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Fig. 11. Angular dependence of the transverse spin asymmetry at different x.
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Fig. 12. Energy dependence of transverse spin asymmetry at different angles 6

Figure 13 shows the angular dependence of the differential effective cross section
of the reaction ee* - HHZ® at +/s =500 GeV, x; =0.5, x;, =0.2315 and various
energy values x,: 1) x; =0.65; 2) x, =0.70; 3) x, =0.75. As can be seen from the figure,
with an increase in the polar angle 6, the differential effective cross-section increases and
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reaches a maximum at an angle 8 = 90°, and with a further increase in the same angle,
the effective cross-section decreases. An increase in the energy x, carried away by the
Z°-boson leads to an increase in the effective cross-section of the process under study.
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Fig. 13. Angular dependence of the process cross section e“et — HHZ® at different energy values x,

Fig. 14 illustrates the dependence of the cross section of the processe~et - HHZ°
from variable x, at /s =500 GeV, x; =0.5 and various values of the emission angle 6:
1) 6 = 30°; 2) 8 = 60°; 3) 8 = 90°. It can be seen from the figure that with an increase
in the energy x, carried away by the Z°-boson, the effective cross-section increases, an

increase in the departure angle 6 also leads to an increase in the effective cross-section of
the process under consideration.
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Fig. 14. Energy dependence of the cross section reaction e"e* - HHZ® at different 0
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5. Conclusion

In conclusion, we note that the experimental study of the reaction of the associated
production of a Higgs boson pair and a vector Z°-boson in electron-positron annihilation
is of great interest, since it allows us to measure the interaction constants of three Higgs
bosons gy and two Z°- and two Higgs bosons g7y

Although the interaction constants of vector bosons with the Higgs boson g, and
Iwwn are measured in the LHC in proton-proton collisions, however, direct measurement
of the interaction constants gyyy and gzzym 1S associated with certain difficulties.
Therefore, the study of the process e~e* - HHZ" is of particular interest.

We discussed the process of the production of a vector Z°-boson and two Higgs
boson pairs in polarized electron-positron collisions e~e* — HHZ°. Taking into account
all possible Feynman diagrams a), b), ¢) and d) Fig. 1, analytical expressions for the
amplitudes and differential effective cross section of the process are obtained. Left-right
Ay and transverse A, spin asymmetries due to longitudinal and transverse polarizations
of the electron-positron pair are determined.The dependence of these characteristics and
the differential effective cross-section on the departure angles and particle energies is
studied in detail. The calculation results are illustrated with graphs.
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